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The filament-bundle elastica
HERMES GADEˆLHA
Department of Mathematics, University of York,
York YO10 5DD, UK.
Filament-bundles are ubiquitous in nature. They are composed by an assembly of flexible rods held to-
gether by elastic springs, such as found in ciliary systems and flagella. We study the static, post-transient,
post-buckled configurations of a generalised filament-bundle elastica or flagella. We recur to linear and
weakly non-linear analysis, as well as geometrically exact numerical solutions. The bundle cross-linking
mechanics is characterised by non-local moments affecting distant parts of the bundle. This induces a
bimodal post-buckling response sensitive to the interfilament sliding at the base. We report the occur-
rence of a novel reversed cusp catastrophe, reminiscent of the counterbend phenomenon, that folds and
suppresses the saddle-node bifurcation back a pitchfork bistability landscape, found in classical elastica
systems. The filament-bundle elastica can thus prevent violent jumps, non-uniqueness and hysteresis.
This non-trivial folding of the imperfection-sensitivity diagram may impact bundle systems with natu-
rally occurring buckling phenomena.
Keywords:
filament-bundle, flagellum, cilia, Euler elastica, post-buckled configuration, buckling instability, hystere-
sis.
1. Introduction
Cross-linked bundle of filaments are found with an array of intricate three-dimensional arrangements in
nature [1, 2, 3, 4, 5, 6, 7, 8, 9, 10], varying from rectangular distribution of filaments, for F-actin bundles,
to cylindrical structures exemplified by the cilia and flagella [11, 12, 13, 14, 10, 9]. Striking similarities
between the buckled configurations passive flagella (in absence of internal activity) [9, 10], see Fig.
1(a), and the classical Euler-elastica, led to the hypothesis that simplistic linear relation between bending
moment and curvature, as derived from Euler-Bernoulli rod theory, could describe the filament-bundle
buckling instability. In this case, the effectively higher bending stiffness was assumed to be proportional
to the number of constituent filaments of the bundle [10, 9, 15, 16, 17]. It was not until 2009, when
Lindemann and co-workers [7] discovered counterbend phenomenon in the sperm flagellum, Fig. 1(b),
that the inadequacy of classical rod theories, from Euler-Bernoulli to Timoshenko and Cosserat [18],
was empirically established - almost 30 years after the first flagellar buckling experiments [9].
The counterbend phenomenon was equally demonstrated using a geometrically exact filament-bundle
model incorporating the interfilament sliding mechanism[19], see Fig. 1(d). The filament-bundle model
fit is shown in Fig. 1(b) by the red curve, and demonstrates how the induction of curvature in one section
instigates compensatory counter-curvature elsewhere, Fig. 1(d). The filament-bundle counter-bending
established the critical role of the interfilament elastic coupling while instigating large-amplitude defor-
mations. This occurs via a non-local transmission of cross-linking moments to distant parts along the
bundle [19, 8, 7]. Large counter-curvatures allows the simultaneous extraction of bulk material quanti-
ties in different material directions, namely bending stiffness, basal compliance and interfilament sliding
resistance [19]. More recently, the counterbend phenomenon was exploited to characterise mechanical
properties of Chlamydomonas flagella [20], see Fig. 1(c). Nevertheless, the static, weakly non-linear
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and geometrically exact post-buckled behaviour of a filament-bundle elastica still remains unexplored
in the literature.
The flagellar beat and self-organisation phenomena result from the constructive action of fluid,
elastic and molecular-motor contributions [21]. Thus far, flagellar control hypotheses have suffered
from an increasing number of contradicting results, both in theoretical and empirical studies [22, 23,
24, 25, 26, 27, 28, 29, 30, 31, 32, 33]. Flagellar control models rely on abstractions of the fila-
ment bundle internal deformation that are yet to be scrutinised in isolation. This includes curvature-
control [25, 30, 34, 35], interfilament sliding control [36, 24, 26, 27, 29, 37], and axial deforma-
tion control (geometrical clutch hypothesis) [22, 28, 32]. Without the disentanglement between the
passive and active elements, and without the rationalization of the resultant mechanical response of
cross-linked filament bundles, it is unclear, for example, which competing flagellar control hypothesis
[22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33], if any, is able to provide a quantitative understanding
of the flagellar dynamics. Here, we focus our study on the mechanical response of a passive flagella in
the absence of motor activity. The mathematical development presented may be used, for exemple, to
characterise material quantities of filament-bundles and flagella by exploiting the bucking phenomena.
We investigate the static, post-buckled behaviour and the bifurcation landscape of a generic filament-
bundle elastica. We focus on the long-time, steady state configuration of a bundle deformed by external
loading (Fig. 1). The lack of periodicity of the internal moments prevents the use of elliptical functions
for analytical progress. We recur to linear and weakly non-linear analysis and geometrically exact nu-
merical solutions. Non-local coupling between interior and boundary points makes this boundary value
problem (BVP) incredibly rich. It is characterised instead by a bimodal post-buckling behaviour, also
observed for the time-dependent elastohydrodynamics of filament-bundles [38]. A novel reversed cusp
catastrophe [39], reminiscet of the counterbend phenomenon [19], is triggered by the cross-linking me-
chanics. This folds the saddle-node bifurcation back to its simpler pitchfork bistability, thus preventing
violent jumps, non-uniqueness and hysteresis for the clamped-pinned boundary condition. These results
impact the dynamics and statics of bundle systems undergoing buckling instability [40, 41, 42].
2. The Classical Euler elastica
We briefly recapitulate the Euler elastica solution for an inextensible and unshearable, slender elastic
body, referred as elastica, that resists bending deformations via Euler-Bernoulli moments. Bending de-
formation causes the region under tension to exert a bending moment on the region under compression,
along the cross-section of elastica, which is linearly related with curvature [18, 44, 45, 46], M = Eθs,
for a given elastic bending stiffness E. When the elastica is under the action of external, and opposing,
forces at the end points, with magnitude Q, the bending moment density is simply balanced by external
load,
Eθss+Qsinθ = 0. (2.1)
This describes geometrically exact deformations of an Euler elastica [47, 18, 44, 45, 46] for a specific
conditions at the end points. For simplicity we consider an elastica free from external moments at the
boundaries. The bending moment is thus a periodic function of the tangent angle θ , with singular points
at M = 0 and θ = kpi in the M− θ phase space, where k is an integer. By introducing φ , such that
sin(θ/2) = ℓsinφ , and ℓ= sin(θ◦/2), Eq. (2.1) simplifies to
φ 2s = r(1− ℓ2 sin2 φ), (2.2)
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FIG. 1. Force-displacement experiments in axonemal filament-bundle systems. (a) Flagellar buckling experiment taken from
Okuno [10]. (b) Micrograph showing the static configuration of a sea urchin sperm rendered passive with its head attached to the
coverslip while forced externally by a micro-probe [7]. Filament-bundle model fit is depicted by the red curve [19]. (c) Recent
counterbend experiments with Chlamydomonas flagella [20]. (d) Geometrically exact simulations depicting the interfilament
sliding displacement during counterbending [19]. (e) The geometry of deformation: two-dimensional representation of a generic
filament-bundle elastica, sliding filament mechanism and basal compliance [14, 43, 29, 19]. We refer the reader to Ref. [19] for
an expanded schematic diagram depicting all model parameters. Micrograph were adapted from Okuno [10], Xu et al. [20] and
Gadeˆlha et al. [19].
where r =Q/E and θ◦ is the value of θ at the inflection s= 0. It is also convenient to write the solution
in terms of elliptic functions
u(ϕ, ℓ) =
∫ ϕ
ϕ◦
dt√
1− ℓ2 sin2 t
, (2.3)
so that the solution of Eq. (2.2) reduces to
s
√
r = u(φ , ℓ), (2.4)
with boundary conditions given by φ◦ = pi and θ(0) = θ◦, if the elastica is free from external mo-
ments [18, 44, 45, 46]. The exact solution (2.4) is given by a Jacobian elliptic integral of first kind. As
such, it is a periodic function with a period pi , it has a maximum value of (1−ℓ2)1/2 at φ = (2p+1)pi/2
and minimum value of 1 at φ = qpi , where p,q are integers. The family of solutions for the, also
called inflectional elastica, was first reported by Euler [47], and is illustrated in Fig. 3. Linearization
of Eq. (2.1) gives to the so-called critical load Qc = piE/L
2, i.e. the force beyond which the buckling
instability takes place, also referred as Euler-buckling load.
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3. The filament-bundle elastica
We consider the simplest model for a filament bundle, composed by a pair of Euler elastica rods, as
illustrated in Fig. 1(e), embedded in a three-dimensional space defined by an orthonormal fixed frame
of reference {i, j,k}, and subjected to deformations that preserve its {i, j}-plane symmetry. Each con-
stituent elastica is inextensible and unshearable, characterised by the same bending stiffness E. They
are separated by a constant gap spacing b, so that b/L << 1 when compared with the total length L of
the bundle. The position of each elastica is given by an arbitrary material curve r(s), chosen to lie on
the centreline of the bundle (Fig. 1(e)),
r±(s) = r(s)± b
2
nˆ(s), (3.1)
with the orientation of the cross section at distance s along its length defined by the normal vector to
the centreline, nˆ = −sinθ i+ cosθ j, where θ = θ(s) is the angle between the tangent vector, sˆ ≡ rs =
∂ r/∂ s, and the i direction. The constituent elasticas travel distinct contour lengths forcing a geometrical
arclength mismatch
∆(s) = ∆0+
∫ s
0
(|∂sr−|− |∂sr+|)ds′ = ∆0+b(θ(s)−θ0),
where ∆0 and θ0 are the length mismatch and tangent angle at s= 0, respectively. Points of equal contour
length along the bundle are connected by elastic springs. Bundle deformations generate shearing forces,
and an internal moments, proportional to the interfilament sliding displacement f (s) =−k∆(s) and the
sliding resistance k[14, 37, 34, 43]. At the base, additional sliding resistance, commonly found at the
connecting piece in flagella, cilia and inhomogeneous bundles, is Hookean ke∆0 =
∫ L
0 f (s
′)ds′ with a
spring constant ke [29, 19]. If the constituent filaments are “welded” at the base, κe → ∞ and no basal
interfilament displacement occurs, ∆0 = 0, while if ke = 0, the filament-bundle is isotropic and free to
slide at the base, so that
∫ L
0 ∆(s
′)ds′ = 0.
The stresses acting on the filament-bundle are given by a resultant contact force N(s) and contact
momentM(s). At the equilibrium, the buckled state induced by an external load is a static configuration,
and the total balance of linear and angular momentum simplifies to
Ns = 0 (3.2)
Ms+ sˆ×N= 0. (3.3)
The internal sliding forces do not contribute to the total contact forces of the filament-bundle. Never-
theless, the elastic sliding resistance between the filaments are capable of generating a non-zero couple
distribution that contributes to the total internal moment of the bundleM(s) =Mk, given by
M(s) = Eb θs−b
∫ L
s
f (s′)ds′, (3.4)
Here we assume θs± ≈ θs by considering slender bundles b/L << 1, where Eb = EI+ +EI− and I±
are the principal moments of inertia of top and bottom filaments relative to the centre of gravity of the
bundle.
A general external load, F=−Q i−P j, acts at the distal end s= L. The proximal end s= 0 is held
in a fixed position. The filament pair is free from body and contact forces, and thus N(s) = F on ]0,L]
[18]. At s= 0, we replace the stress-resultant with the corresponding limit from the forced point, so that
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we can consider the above system on the closed interval [0,L]. We nondimensionalise length by L, and
force by Eb/L
2. The dimensionless geometrically exact equilibrium equations for the centreline of the
filament-bundle elastica is given by the balance of moments and contact forces, and yields
θss+ γµ
∫ 1
0
(θ(s′)−θ0)ds′−µ(θ −θ0)+Qsinθ +Pcosθ = 0, (3.5)
where the dimensionless quantity
µ = L2
(
b2k
Eb
)
(3.6)
represents the interfilament resistance, i.e. the relative importance of the bending rigidity compared
to the cross-linking elastic resistance. De facto, the cross-linking resistance only depends on effective
geometrical aspects of the bundle, as µ measures the ratio between the natural cross-linking elastic
length ℓ =
√
E/b2k relative to total axial length via µ = (L/ℓ)2. The cross-linking elastic length ℓ is
thus the dimensional length by which cross-linking effects become prevalent [38]. The cross-linking
mechanics become increasingly important when L > ℓ, and unimportant for L ∼ O(ℓ) or smaller, and
underlies the bimodal response [38]. The basal compliance is given by
γ =
kL
kL+ ke
, (3.7)
and determines the ratio between the compliant anchoring and passive sliding forces at the base. In
other words, γ = 1 and γ = 0 correspond to zero basal resistance and rigid anchoring (welded base),
respectively, so that 0 6 γ 6 1. When the elastic sliding resistance between the filaments is infinitely
soft, both µ and γ vanish, and Eq. (3.5) describes the classical Euler elastica, Eq. (2.1) [47, 18, 45].
The filament bundle elastica equation (3.5) defines a second order boundary value problem that, in
general, can be subjected additional parameter constraints. The boundary conditions may either specify
the tangent angle at the endpoints or an external torque. We consider symmetric boundary conditions,
in which the endpoints are either (i) clamped, with the same tangent angle
θ(0) = 0= θ(1),
or (ii) hinged, thus free from external moments,
θs(0)+(1− γ)µ
∫ 1
0
(θ −θ0)ds′ = 0= θs(1).
The system is completed by either prescribing the magnitude of Q and P at the actuation point (s= 1),
referred to as a traction (soft or dead-load) problem [44, 46], or by imposing the displacement of the
actuation point,
r(1) =
∫ 1
0
(cosθ ,sinθ)ds′ = rd . (3.8)
where the basal end has a fixed position at the origin, r(0) = 0. In this case, both the axial and transversal
loads are not known in advance. They are instead implicitly determined by the prescribed coordinate
position of the actuation point, Eq. (3.8). This provides two additional conditions for closure of the
system, corresponding to the displacement, or hard, boundary problem [44, 46]. Here, we consider
horizontal displacements of the actuation point, such that yd = 0, by varying the displacement parameter
δ = x0d− xd , (3.9)
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FIG. 2. The filament-bundle elastica θs−θ phase space, Eq. (3.10), for P= 0, Q= 21, γ = 0 and an increasing sliding resistance
µ , as indicated. The classical, periodic elastica is recovered for µ = 0= γ .
defined as the horizontal distance between the actuation point of the post-buckled configuration, xd , and
its undeformed reference position, x0d = 1. In the absence of external forces, or for force magnitudes
that are smaller than the critical load, Q< Qc, the filament-bundle cannot buckle and remains straight.
The filament-bundle elastica equation Eq.(3.5) can be integrated to give
θ 2s −θ 2s (0) = 2Q(cosθ − cosθ0)+µ(θ −θ0)2−
2γ
1− γ θs(0)(θ −θ0), (3.10)
where we have considered P = 0 and Q = 21, and free torque condition at both ends for simplicity.
Eq. (3.10) defines θs− θ filament-bundle phase-space. The singular points are given by θ ∗s = 0 and
Qsinθ ∗ = µ(θ ∗−θ0). When µ >Q, the only singular point is the origin of the phase-space, for θ0 = 0.
Fig. 2 shows how the the cross-linking mechanics induces a gradual lost of periodicity in the phase-space
as µ increases. Symmetric, periodic solution captured by elliptic functions, Eq. (2.3), are not possible
for the filament-bundle elastica. This is in contrast with the periodic singular points for the classical
case that spans through the phase-space (Fig. 2, µ = 0), similar to the pendulum portrait. Interestingly,
θ0 induces a shift of the singular point given by θ
∗ =−µθ0/(Q−µ), to the linear level, and brakes the
usual Euler-elastica symmetry. Linear analysis shows that no buckling may occur if Q< µ .
4. The filament-Bundle elastica at immediate postbuckling
We consider a bundle elastica subjected to a generalised external load given by Eq. (3.5). The basal angle
is clamped base, θ(0) = 0, and the distal end is hinged, θs(1) = 0. However, the bundle is constrained
to move along the horizontal axis, Eq. (3.9). The resulting BVP reads
θss+ γµ
∫ 1
0
(θ(s′)−θ0)ds′−µ(θ −θ0)+Qsinθ +Pcosθ = 0, (4.1)
xs = cosθ , (4.2)
ys = sinθ , (4.3)
where y(0) = 0 = y(1), x(0) = 0, x(1) = 1− δ . Eqs. (4.2)-(4.3) provide the additional constraints
required to determine the unknown forces Q, P in Eq. (4.1), as discussed above. At immediate post-
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buckling, θ ,Q,P are very small, and may be expanded according to the perturbation parameter ε << 1,
θ(s) =εθ0(s)+ ε
3θ1(s) (4.4)
Q=q0+ ε
2q1, (4.5)
P=ε p0+ ε
3p1, (4.6)
(4.7)
where we exploited the symmetry of the solution θ(s)→ −θ(s), and the parity of the trigonometric
functions appearing in Eq. (4.1). Perturbing Eq. (3.5), and collecting the first order terms in ε , we find
the reduced BVP and associated boundary conditions in terms of the perturbed variables
θ ′′0 +λ
2θ0+ p0 = 0 (4.8)
θ0(0) = θ
′
0(1) =
∫ 1
0
θ0 ds= 0, (4.9)
while the ε3 terms give
θ ′′1 +λ
2θ1 =
1
6
q0θ0
3+
1
2
p0θ0
2−q1θ0− p1− γµ
∫ 1
0
1
6
θ0
3 ds (4.10)
θ1(0) =θ
′
1(1) = 0=
∫ 1
0
(
θ1− 1
6
θ0
3
)
ds. (4.11)
where λ 2 = q0− µ . It is more convenient here to map the BVP Eqs. (4.8), (4.9) to an equivalent 3rd
order eigenvalue problem in which Eq. (4.8) can be used as an additional boundary condition. The first
order solution is given by
θ i0(s) = λi sin(λis)+ cos(λis)−1, (4.12)
where the ith eigenvalue is given by the solvability condition
tanλi = λi, (4.13)
whereas p0 = λ
2.
We focus here on the solution of the 1st mode, i = 1, and hereafter we drop the i’s and denote by
λ the eigenvalue for the 1st mode. The next order approximation is obtained by substituting θ0(s) in
Eqs. (4.10), (4.11). Following [48], we change variables to ζ = λ s+ν , so that
θ0(ζ ) = usin(ζ )−1, (4.14)
u=
√
1+λ 2 and ν = arctan(1/λ ). Eqs. (4.10), (4.11) reduce to
θ ′′1 (ζ )+θ1(ζ ) =−
u3
24
sin(3ζ )− k1 sinζ − k2 (4.15)
θ1(ν) = θ
′
1(λ +ν) = 0=
∫ λ+ν
ν
(
θ1− 1
6
θ0
3
)
dζ . (4.16)
where primes now denote derivatives in ζ and the new parameters k1,k2 are defined by
k1 =
q1u
λ 2
− u
3
8
+
u
2
(4.17)
k2 =
1
λ 2
(
p1−q1+ γµ
∫ λ+ν
ν
1
6
θ0
3 dζ
)
− 1
3
. (4.18)
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The sine contribution of the homogeneous solution is already accounted for in Eq. (4.14), and the general
solution of Eq. (4.15) is
θ1(ζ ) = acos(ξ )+
1
192
u3 sin(3ξ )+
1
2
k1ξ cos(ξ )− k2, (4.19)
where the three unknowns a,k1 and k2 are determined by the boundary conditions in Eq.(4.16). This
gives a= k1(λ +ν)/2,
k2 =
u
2λ
(
u2
32
cos(3v)− u
2
4
cos(v)+
u
4
sin(2v)− cosv
)
+
u2
4
+
1
6
, (4.20)
k1 =
u3
96λ
sin(3v)sec(v)− 2k2
λ
sec(v). (4.21)
Once λ is known, the constants k1,k2 can be evaluated from above, whereas q1, p1 are extracted from
Eqs. (4.17) and (4.18) directly, with q0 = λ
2+µ, p0 = λ
2.
The first root of the solvability condition Eq. (4.13) is λ 2 = 20.1907. For the first mode, k1 =
−1.15083 and k2 = 2.83411. The buckling and transversal loads are modified by the cross-linking
mechanics via
Q=20.1907+µ +38.3389ε2, (4.22)
P=20.1907ε +(102.2920+12.6007γµ)ε3. (4.23)
The Euler-elastica results are recovered in absence of the interfilament coupling, µ = γ = 0. This can
be used to describe the bifurcation curves analytically, immediately after buckling. The curvature at
s = 0 and the displacement of the actuation point are common observables during force-discplacement
experiments. The curvature θs(0) can be evaluated from Eqs. (4.14) and (4.19),
θs(0) = εθ0s(0)+ ε
3θ1s(0) = 20.19072ε +0.37565ε
3, (4.24)
Both θ0(s) and θ1(s) are only λ -dependent, thus the deformed shape at immediate post-buckling
is identical to the classical Euler-elastica. However, buckling occur at different loading, given by the
dependence on the perturbation parameter ε . Nevertheless, the bifurcation diagram is also modified due
to the bundle load-response in Eqs. (4.22), (4.23). The total displacement of the actuation point is given
by the moment balance at the base
δ = 1− x(1) = 1− 1
P
(
θs(0)+(1− γ)µ
∫ 1
0
θ ds′
)
. (4.25)
This can be further simplified by using Eq. (4.8),
δ =
ε2(8.08814+0.222548µ +0.777452γ µ)
1.60235+ ε2(8.11795+ γ µ)
. (4.26)
Eqs. (4.22) and (4.23) can be used in conjunction with (4.24) and (4.26) to measure filament-bundle
material quantities from force-displacement experiments [9]. The basal sliding resistance non-locally
impacts the magnitude of the external load at the far end, and thus the critical load required for buckling.
It is clear that while the interfilament sliding resistance influces the buckling behaviour from the lowest
order in ε , non-local influence of the basal sliding is higher order contribution, and requires numerical
integration of Eq. (3.5). Finally, the small perturbation parameter ε can be determined in terms of the
actuation displacement from Eq. (4.26), and the substituted in Eq. (4.4). Next, we compare the perturbed
solutions presented here with the geometrically exact numerical solutions.
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5. Geometrically exact numerical solutions
Here, we numerically solve the geometrically exact deformations for a filament-bundle elastica, de-
scribed by the boundary value problem in Eq. (3.5). We consider two different loading conditions, as
discussed bellow. We follow the numerical scheme presented in Gadeˆlha et al. [19] that employs the
continuation method for BVP systems [48, 49, 50, 18].
5.1 Simply supported filament-bundle elastica: the pitchfork buckling bifurcation
We start by investigating filament-bundle configurations for symmetric, torque-free conditions at both
ends. Fig. 3 depicts filament-bundle deformations for the first three shape modes, for an increasing
loading Q for and a small sliding resistance coefficient µ = 5, for both γ = 0 (red) and γ = 1 (blue).
A clear distinction between γ = 0 and γ = 1 can be observed. For γ = 1 the bundle shapes differ very
weakly from the classical elastica, as most of the blue shapes are almost exactly overlaid by the Euler-
elastica, apart from the last three loading conditions for the first mode (first column, 5th-7th rows in
Fig. 3). The observed shape symmetry is an expected feature of homogeneous filament-bundles, due
to the even distribution of sliding resistance. In contrast, as the basal sliding resistance increases, and
thus γ decreases, the cross-linking moments act unevenly along the bundle, and asymmetrical shapes are
induced; compare blue and red curves for the 1st mode in Fig. 3 (first column). Opposing moments are
concentrated towards the basal end, as the constituent filaments are prevented to slide at this point. This
causes counter-bends near the base, characterised by deformations in opposition to the principal bend.
This is clearly depicted for the first mode in Fig. 3 for δ = 1, when the actuation point meets the basal
end (red curve at the first column and 5th row in Fig. 3). The formed loop (red curve) is asymmetric
and slightly rotated relative to the symmetrical Euler-elastica elliptical curve (black/blue curves, first
column, 5th row).
For δ > 1 (6th and 7th rows in Fig. 3), the loop is attracted towards the basal end, instead of re-
maining at the centre. Even though the boundary conditions are symmetric (free torque condition at
both ends), the basal interfilament resistance introduces an intrinsic asymmetry in the bundle system.
For higher modes, the lemniscate of Bernoulli, observed when δ = 1 (5th row), is described by elliptic
functions, characterised by its periodicity and symmetry. However, the periodicity is lost when γ < 1
and µ > 0, as depicted in Fig. 2. For an odd number of loops when δ > 1, we observe an asymmetrical
distribution of loops towards one end for the red curves, which can be either the proximal or the distal
boundary depending on the mode (compare the red curves of the first and third modes in Fig. 3). Sym-
metric distribution of loops is regained for even modes, see red curve for the second mode in Fig. 3,
though they appear to be closer to the end points (red curve) when compared with homogeneous bundles
(blue curves).
Fig. 4 shows the force-displacement bifurcation diagram for the first three modes displayed in Fig. 3
for 0 6 δ 6 1.6, characterised by a pitchfork bifurcation. Beyond the critical load, the straight con-
figuration becomes unstable, and two symmetric buckled configurations emerge for δ > 0, with equal
probability to buckle in either direction in Fig. 3. A larger critical load is required to buckle the filament-
bundle [19]. The buckling load predicted from the linear theory are shown by the coloured markers, as
expected from the linear theory. The resulting pitchfork bifurcation is very similar to the Euler-elastica,
where higher loads are required for a increasing δ and higher modes. Force-displacement bifurcation
diagrams as shown in Fig. 4 may be used to measure material properties from bucking experiments
[10, 15, 7, 19, 20]. The filament-bundle elastica has however a surprising feature: the δ −Q bifurcation
curves are not unique for a given (µ,γ)-pair and buckling mode. As a result, simply supported force-
displacement experiments cannot uniquely specify the (µ,γ)-material pair from a single δ −Q curve
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FIG. 3. Geometrically exact deformations of a simply supported filament-bundle elastica for the first three modes and 06 δ 6 1.6,
defined in Eq. (3.9). The basal end (white marker) is held fixed while the position of the distal end (black marker) is gradually
changed for an increasing δ , from top row (δ = 0) to bottom (δ = 1.6). For a given shape, the distal end (black marker) moves
towards the basal point (white marker), until eventually they meet (δ = 1, 5th row). From this point, the black marker continues the
movement in the same direction, thus gradually increasing the distance between the end poins (δ > 1, 6th and 7th rows). Columns,
left to right, depict the first, second and third modes, respectively. Black curves show the classical Euler-elastica solutions. Note
that blue and black curves are overlaid for higher modes (2nd and 3rd columns). For clarity, red curves depicting filament-bundle
solutions for µ = 5 and γ = 0 are mirrored in respect to the origin, thus they appear reflected relative to the black/blue curves.
for filament-bundles [19].
5.2 Clamped-pinned filament-bundle, violent jumps and hysteresis
Elastica solutions are known to be highly sensitive to boundary conditions [18]. In contrast to the sym-
metric free-torque system, the buckling instability of a filament-bundle with one end clamped and the
other end pinned is remarkably distinct. Figs. 5 and 6 compares the static configurations for increasing
values of µ and two values of γ . When the bundle is homogeneous, γ = 1 in Fig. 6, the post-buckled con-
figurations are very similar to the Euler-elastica case, as also observed in Fig. 3. For a non-homogeneous
bundle, γ = 0 in Fig. 5, the static configurations undergo a transition for large values of µ so that when
δ > 1, the post-buckled shapes resembles the ones in Fig. 3 for the first mode (1st column). Immediately
close to the buckling bifurcation, all cases in Figs. 5 and 6 resemble the classical elastica, as predicted
from the weakly non-linear analysis, as Eqs. (4.12), (4.19) are independent of λ .
For the purpose of comparison, we briefly discuss the main features of the clamped-pinned Euler-
elastica system. In this case, the post-buckling behaviour is characterised by several non-linear phenom-
ena, such as limit load, non-uniqueness, hysteresis, and violent jumps [18, 48, 49, 39, 50]. To illustrate
these, we show in Fig. 7(a) numerical solutions for µ = 0= γ . The force-displacement diagram is char-
acterized by a non-monotonic relationship between the displacement δ and the external load Q; δ can
either increase or decrease with Q. The area under the Q−δ curve represents the work done on the elas-
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FIG. 4. The filament-bundle pitchfork bifurcation for the first three modes associated with Fig. 3 for 0 6 δ 6 1.6. The critical
load is depicted by the colored markers, calculated from linear perturbation analysis of Eq. (3.5).
tica. Negative slopes correspond to a negative work for a positive displacement increment δ . This entails
that static configurations, depicted in red in Fig. 7(a), and corresponding red markers at the Q−δ curve,
are statically unstable. In other words, for given displacement δ the elastica shape is unique, however,
for a given external load Q, multiple solutions are possible, up to a maximum of four different static
states. If Q varies, a stable static configuration may violently jump to the next stable state, given suitable
disturbances, equivalent to transitions between the blue curves in the bifurcation diagram in Fig. 7(a).
Hysteresis loop is therefore possible. The P−δ curve also varies non-monotonically, however, it does
not have the same impact on the stability of the static configurations, as P does not contribute to the
work done on the elastica.
The bifurcation landscape of the filament-bundle elastica is very distinct from the classical case.
When γ = 0, the Q−δ curve in Fig. 7(b) displays a monotonic behaviour instead. In this case, all static
states are both stable and unique. Thus, for a given load Q, the displacement δ is uniquely determined,
and vice-versa. In this regime, the cross-linking mechanics has an stabilizing effect and suppresses the
occurrence of multiple states and hysteresis when µ is increased in Fig. 8 for γ = 0. Interestingly, P
reduces to a negligible magnitude in Fig. 7(b). The bundle elastica undergoes dramatic shape change
characterised by a loop formation for δ > 1 (Fig. 7(b) and 5), similar to the symmetric free-torque
elastica in Fig. 3. On the other hand, homogeneous bundles (γ = 1) behave very similarly to an Euler-
elastica, compare Figs. 7(c) and 7(a). The bifurcation diagram is self-similar for γ = 1, see Fig. 8 for
three values of µ . The homogeneous bundle elastica thus behaves as the classical elastica, however,
characterized by a higher resultant bending stiffness. In this case, the interfilament resistance reinforce
the effective stiffness of bundle structure. The cross-linking mechanics weakly stabilises on the inherit
the unstable states, characterised by the negative slope of the Q− δ curve, as a gentle reduction of
the negative gradient is observed in Fig. 9(b), although the work done on the bundle approaches zero
in this region. In this case, multiple states, non-uniqueness, violent jumps and hysteresis are equally
manifested in homogeneous filament-bundles (γ = 1).
The free-toque elastica undergoes a pitchfork bifurcation as Q increases, with an equal probability
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FIG. 5. Clamped-pinned filament bundle elastica for increasing values of µ and γ = 0. Blue to red curves track different actuation
displacement δ .
FIG. 6. Clamped-pinned filament bundle elastica for increasing values of µ and γ = 1. Blue to red curves track different actuation
displacement δ .
to buckle in both directions (Fig. 4). If we introduce the external torque m0 at s= 0 as a new bifurcation
parameter, the pitchfork bifurcation (Fig. 4) unfolds in the three-dimensional space as m0 is increased,
leading to the emergence of saddle-node points (Fig. 7(a)) [50]. The bifurcation diagrams in Figs.
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FIG. 7. Bifurcation diagram for a filament-bundle elastica and associated static configurations. The critical load Qc is given by the
starting value of Q at the bifurcation diagram, depicted by the blue circles when δ = 0, calculated from the linear analysis. Red
(blue) markers and associated static configuration are unstable (stable) states. Dashed black and gray curves are the bifurcation
curves derived from the weakly non-linear analysis.
4 and 7(a) are thus the planar cross-section of the 3D bifurcation surface, where the imposed angle
θ(0) = 0 can be achieved by enforcing a suitable external moment m0 for this constraint, thus the
equivalence between both torque-free and clamped-pinned cases for an elastica. The observed snapping
and hysteresis in Fig. 7(a) originate from a saddle-node bifurcation, which itself is induced by unfolding
the pitchfork bifurcation in Fig. 4 [49, 50]. The projection on the m0−Q plane is thus characterized
by a cusp catastrophe [50]. Each divergent curve originating from the cusp at a critical m∗0 tracks the
position of the saddle-node points as m0 increases [50, 18].
The resemblance between the free-torque cases in Fig. 3 for the first mode and the clamped-pinned
bundle elatica in Figs. 5 and 7(b) for γ = 0 and µ > 35 is not a coincidence. Non-homogeneous bundles
are also susceptible to hysteresis and unstable configurations for sufficient low sliding resistance, as
depicted by the (δ ,Q,µ) bifurcation space in Fig. 9, and associated shapes in Fig. 8 for γ = 0. As
µ is increased in Fig. 9, the unstable states move towards higher values of δ , until eventually they
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FIG. 8. Filament bundle shape and Bifurcation diagram for basal compliance γ = 0,1 and varying sliding filament resistance.
Blue (red) shapes depict stable (unstable) configurations for a varying loading case.
disappear for µ > 35 (Fig. 8). Likewise, unstable configurations are modified by µ (Fig. 5), while
buckled deformations for large Q have their stability modified. This is depicted in the transition from
Fig. 8 for µ = 0 to Fig. 7(b) for µ = 40, or equally in Fig. 9 (a). The non-homogeneous bundles (γ < 1)
generate internal moments near the base in opposition to the imposed curvature (see the first mode in
Fig. 3, red curve). This induces, via Eq. 3.4, θ(0) to change its orientation via the sliding displacement,
which is in turn curvature-dependent. The emergence of counter-basal orientation is thus a manifestation
of the counterbend phenomenon in filament-bundles [19, 7].
The basal counter-curvature increases with µ . Consequently, the external torque m0 required for the
θ(0) = 0 constraint is gradually reduced. P is equally reduced in magnitude, as the basal counterbend
formation, for large µ , is sufficient to hold the endpoint orientation parallel to the x-axis, see Fig. 7(b).
When µ > 35, the external moment m0 reduces significantly, and the saddle nodes points disappear
(Figs. 9, 7(b) and 8). The clamped-pinned bundle elastica thus returns to the pitchfork buckling insta-
bility characteristic of symmetric boundary conditions (Fig. 4). Increasing µ thus move the system to a
stable cross-section of the 4D (δ ,Q,µ,m0)-bifurcation diagram, or equivalently in the 3D space in Fig.
9(a). This is also known as the imperfection-sensitivity diagram [18, 50, 49, 39], now characterised by
a reversed cusp catastrophe at the Q−µ plane projection. The saddle-node points collide and disappear
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FIG. 9. The imperfection-sensitivity diagram in the (δ ,Q,µ)-space for both γ = 0,1, and associated projections in the δ −Q
plane. (a) depicts the folding of the saddle-node bifurcation back to the pitchfork bifurcation as µ increases. Hysteresis and
violent jumps are only possible for µ < 35. (b) shows the expansion of the self-similar δ −Q bifurcation curves, characterised by
hysteresis and violent jumps for any value of µ .
as µ increases (Fig. 9(a)). The cross-linking mechanics is able reduce the external torque m0 necessary
to enforce the clamped constraint below the critical m∗0 required for the bifurcation to unfold from the
pitchfork bifurcation basin [18, 50, 49, 39]. This non-trivial folding of the bifurcation surface (Fig. 9),
in the reversed direction, as the external torque m0 is lowered when µ is augumented, is thus a genuine
manifestation of the non-local coupling between boundary and interior points of the filament-bundle
elastica via the non-local cross-linking moments. The clamped base is therefore a natural condition for
non-homogeneous bundles (γ < 1).
We finish this section by contrasting the perturbation approximations Eqs. (4.4), (4.12)-(4.26) with
numerical solutions in Fig. 10 at immediate post-buckling for γ = 0 and µ = 0,5,10. A good agreement
is observed, even for the deformations beyond the immediate post-buckling approximation. The accu-
racy of the asymptotic solution gradually decreases with the sliding resistance µ . The dashed lines in
the bifurcation diagrams, Figs. 7 and 8, are taken from Eqs. (4.22)-(4.26), which again shows a good
agreement for µ < 10. The pertubative solution captures accurately the buckling load required for bifur-
cation, as expected from the linear theory for both γ = 0,1 in Figs. 7 and 8. Predictions of the restoring
load P are accurate even for high values of µ , see the dashed gray δ −P curves in Fig. 8. Therefore,
P remains within the ε3 validity. As µ increases, the δ −Q black curves deviates from the analytical
solution, increasingly more for γ = 1. This can be understood from Eqs. (4.22), (4.23) and (4.26). The
basal compliance only contributes to higher-order corrections, and only influences θ1 approximation via
a non-homogeneous contribution in the BVP. As a result, the approximation for the buckling load Q is
independent of γ , Eq. (4.22 ). This approximation could be improved by expanding µ around the critical
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FIG. 10. Comparison between numerical solutions (black curves) and the analytical approximations (dashed curves) for the
Euler-elastica case (a) and a filament-bundle with µ = 5 (b) and µ = 10 (c), both for γ = 0.
load Q∗ instead, and by considering the next power in ε for the Q,P and θ expansions in Eqs. (4.4)-
(4.6). This is at the expense of a more convoluted perturbative analysis, and thus beyond the purpose of
this paper.
6. Conclusions
The richness of families of Euler elastica shapes have captivated our fascination for centuries [47]. While
the buckling phenomena share properties with other dynamical systems, such as the movement of a pen-
dulum, the boundary value constraints lead to an ever rich instability behaviour, highly dependent on
boundary conditions and imperfections of the system [18, 49, 50, 39]. We focused our investigation
on the static configurations of filament-bundles composed by individual elastica rods, cross-linked with
elastic connectors[14, 43]. The resulting filament-bundle elastica system is augmented by internal mo-
ments arising from the cross-linking mechanics along the bundle, modifying boundary value properties
non-locally. This in turn triggers symmetry-breaking and modifies the buckling instability bifurcation
landscape.
For simply supported filament-bundles, free from external moments at both ends, the static config-
urations in Fig. 3 (for small displacements) and the pitchfork bifurcation structure in Fig. 4 are remi-
niscent of Euler-elastica buckling. These similarities are deceptive while performing force-displacement
experiments, as filament-bundle systems could be easily mistaken by an Euler-Bernoulli rod, see Fig. 1(a).
These similarities may have been the reason why it took over than 30 years, since the first buckling ex-
periments with naturally occurring cross-linking bundles, as found in sperm flagellum [16, 17, 15, 10, 9]
to unveil large cross-linking deformations, with the discovery of the counterbend phenomenon [7, 8]
(Fig. 1 (b,c)). Instead, filament-bundles were considered to behave as an assembly of elastica rods with
an effectively higher stiffness proportional to the number of constituent filaments [16, 17, 15, 10, 9].
Indeed, the basal counterbend predicted here (Fig. 3, red curve, 1st column), is characterised by small
deformations at the base that would be challenging to capture during flagellar bucking experiments un-
der a microscope. Furthermore, despite the fact that homogeneous bundles (γ = 1) behave very similarly
to an elastica rod, Figs. 3 and 6, the interfilament resistance increases the effective stiffness beyond the
combined bending stiffness of each constituent filament, as shown in Fig. (4). Subject to boundary
conditions, the buckling load can either depend on both basal compliance and sliding resistance, as in
Fig. (4), or just depend on µ , see Eq. (4.22).
Elastica rods are susceptible to non-linear saddle-node bifurcation when subjected to external torques
during buckling. This leads to multiple unstable configurations, violent jumps and hysteresis [50, 18,
49, 39, 48]. The later is a direct consequence of the unfolding of the pitchfork bifurcation (when ex-
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ternal moments are absent) in a higher dimension. In this case, the imperfection-sensitivity space [50]
is augmented by the external torque bifurcation parameter. The Filament-bundle elastica modifies the
bifurcation landscape via a bimodal response (Fig. 9). This is triggered by the non-local coupling
between internal and boundary moments via the cross-linking mechanics [19, 38]. Homogeneous bun-
dles (γ = 1) conserve the structural saddle-node bifurcation present in classical elastica systems, and
display a self-similar, dilating, but conserved, pitchfork unfolding as µ increases. This is shown by
the δ −Q cross-sections of the (δ ,Q,µ)-bifurcation space in Figs. 8 and 9(b). On the other had, non-
homogeneous bundles, with interfilament sliding prevented at the base, gradually folds the saddle-node
bifurcation back to the original pitchfork bifurcation (Fig. 9(a)), only present in simply supported
elastica systems (Fig. 4). This leads to the emergence of a new reversed cusp catastrophe, in which
saddle-nodes eventually collide and disappear beyond the cusp point for a critical µ∗ at the Q−µ pro-
jection of the bifurcation space Fig. 9(a). This is despite the fact that a destabilising external moment
constrains the orientation of the proximal end. As a result, when µ > µ∗, hysteresis and violent jumps
are not present in the system, and the bundle elastica shape resembles the ones obtained for the free
torque condition in Fig. 3. The non-local boundary moments present in filament-bundles effectively
merges two distinct elastica behaviours that can only be triggered by different boundary constraints:
the simply supported and the clamped-pinned cases. The resultant bifurcation landscape of the filament
bundle elastica is however far more complicated, as there must exist some form of cusp catastrophe cusp
continuously linking the bimodal behaviour as γ varies, in the augmented fourth-dimensional bifurca-
tion space (δ ,Q,µ,γ). However, more work is needed to elucidate the bifurcation landscape embedded
in this higher dimensional space, and associated multi-configuration stability analysis.
The stabilising effect of the reversed cusp catastrophe for non-homogeneous bundles is a genuine
manifestation of the counterbend phenomenon [19]. Counterbends concentrated towards the basal end
reduces (Figs. 3 and 7) the magnitude of destabilising external torques required to hold the basal orienta-
tion during buckling. Basal conterbending is a natural deformation mode for clamped filament-bundles.
Indeed, flagella and cilia found in nature are cemented to a basal body or connecting piece [13, 12].
This basal body biological adaptation is thus extremely advantageous for flagellates, given that non-
local control of the bundle can be achieved by tuning the basal compliance. Under mechanical stress,
for instance, increased contraction of the basal body may modify the stability of the bucking phenom-
ena, from violent jumps and snapping after buckling, to smooth transitions for a varying external load.
This evolutionary adaptation may be relevant in systems where the buckling phenomena is prevalent
[42, 51, 40], as violent jumps may lead to structural damage and even fracture. Likewise, bimodal
tunning via basal compliance control may influence the sensitivity to hysteresis of the bundle, and thus
impact the flagellar wave generation during molecular-motor self-organisation [52, 38, 29, 53, 54, 21].
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